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Singular perturbation theory



Inverse Problems is a monograph which contains a self-contained presentation of the theory of several 
major inverse problems and the closely related results from the theory of ill-posed problems. The book is 
aimed at a large audience which include graduate students and researchers in mathematical, physical, 
and engineering sciences and in the area of numerical analysis.

Inverse Problems

Developing an approach to the question of existence, uniqueness and stability of solutions, this work 
presents a systematic elaboration of the theory of inverse problems for all principal types of partial 
differential equations. It covers up-to-date methods of linear and nonlinear analysis, the theory of 
differential equations in Banach spaces, applications of functional analysis, and semigroup theory.

Methods for Solving Inverse Problems in Mathematical Physics

This interesting volume focuses on the second of the two broad categories into which problems of physi-
cal sciences fall-direct (or forward) and inverse (or backward) problems. It emphasizes one-dimensional 
problems because of their mathematical clarity. The unique feature of the monograph is its rigorous 
presentation of inverse problems (from quantum scattering to vibrational systems), transmission lines, 
and imaging sciences in a single volume. It includes exhaustive discussions on spectral function, 
inverse scattering integral equations of Gel'fand-Levitan and Marcenko, Povzner-Levitan and Levin 
transforms, Møller wave operators and Krein's functionals, S-matrix and scattering data, and inverse 
scattering transform for solving nonlinear evolution equations via inverse solving of a linear, isospectral 
Schrodinger equation and multisoliton solutions of the K-dV equation, which are of special interest 
to quantum physicists and mathematicians. The book also gives an exhaustive account of inverse 
problems in discrete systems, including inverting a Jacobi and a Toeplitz matrix, which can be applied to 
geophysics, electrical engineering, applied mechanics, and mathematics. A rigorous inverse problem 
for a continuous transmission line developed by Brown and Wilcox is included. The book concludes 
with inverse problems in integral geometry, specifically Radon's transform and its inversion, which 
is of particular interest to imaging scientists. This fascinating volume will interest anyone involved 
with quantum scattering, theoretical physics, linear and nonlinear optics, geosciences, mechanical, 
biomedical, and electrical engineering, and imaging research.

Methods of Inverse Problems in Physics

This volume consists of papers presented in the special sessions on "Wave Phenomena and Related 
Topics\

Direct and Inverse Problems of Mathematical Physics

The importance of mathematics in the study of problems arising from the real world, and the increasing 
success with which it has been used to model situations ranging from the purely deterministic to the 
stochastic, is well established. The purpose of the set of volumes to which the present one belongs is to 
make available authoritative, up to date, and self-contained accounts of some of the most important and 
useful of these analytical approaches and techniques. Each volume provides a detailed introduction 
to a specific subject area of current importance that is summarized below, and then goes beyond 
this by reviewing recent contributions, and so serving as a valuable reference source. The progress in 
applicable mathematics has been brought about by the extension and development of many important 
analytical approaches and techniques, in areas both old and new, frequently aided by the use of 
computers without which the solution of realistic problems would otherwise have been impossible.

Singular Perturbation Theory

This book examines the study of mechanical systems as well as its links to other sciences of nature. 
It presents the fundamentals behind how mechanical theories are constructed and details the solving 
methodology and mathematical tools used: vectors, tensors and notions of field theory. It also offers 
continuous and discontinuous phenomena as well as various mechanical magnitudes in a unitary form 
by means of the theory of distributions.

Mechanical Systems, Classical Models

This book studies methods to concretely address inverse problems. An inverse problem arises when 
the causes that produced a given effect must be determined or when one seeks to indirectly estimate 



the parameters of a physical system. The author uses practical examples to illustrate inverse problems 
in physical sciences. He presents the techniques and specific methods chosen to solve inverse 
problems in a general domain of application, choosing to focus on a small number of methods that 
can be used in most applications. This book is aimed at readers with a mathematical and scientific 
computing background. Despite this, it is a book with a practical perspective. The methods described 
are applicable, have been applied, and are often illustrated by numerical examples.

Numerical Methods for Inverse Problems

Inverse problems are immensely important in modern science and technology. However, the broad 
mathematical issues raised by inverse problems receive scant attention in the university curriculum. 
This book aims to remedy this state of affairs by supplying an accessible introduction, at a modest 
mathematical level, to the alluring field of inverse problems. Many models of inverse problems from 
science and engineering are dealt with and nearly a hundred exercises, of varying difficulty, involving 
mathematical analysis, numerical treatment, or modelling of inverse problems, are provided. The 
main themes of the book are: causation problem modeled as integral equations; model identification 
problems, posed as coefficient determination problems in differential equations; the functional analytic 
framework for inverse problems; and a survey of the principal numerical methods for inverse problems. 
An extensive annotated bibliography furnishes leads on the history of inverse problems and a guide to 
the frontiers of current research.

Inverse Problems in the Mathematical Sciences

This book provides a detailed description of fast boundary element methods, all based on rigorous 
mathematical analysis. In particular, the authors use a symmetric formulation of boundary integral 
equations as well as discussing Galerkin discretisation. All the necessary related stability and error 
estimates are derived. The authors therefore describe the Adaptive Cross Approximation Algorithm, 
starting from the basic ideas and proceeding to their practical realization. Numerous examples repre-
senting standard problems are given.

The Fast Solution of Boundary Integral Equations

This monograph deals with the theory of inverse problems of mathematical physics and applications 
of such problems. Besides it considers applications and numerical methods of solving the problems 
under study. Descriptions of particular numerical experiments are also included.

Inverse Problems of Mathematical Physics

This book is the third volume of three volume series recording the "Radon Special Semester 2011 on 
Multiscale Simulation & Analysis in Energy and the Environment" taking place in Linz, Austria, October 
3-7, 2011. This book surveys recent developments in the analysis of wave propagation problems. The 
topics covered include aspects of the forward problem and problems in inverse problems, as well 
as applications in the earth sciences. Wave propagation problems are ubiquitous in environmental 
applications such as seismic analysis, acoustic and electromagnetic scattering. The design of efficient 
numerical methods for the forward problem, in which the scattered field is computed from known 
geometric configurations is very challenging due to the multiscale nature of the problems. Even 
more challenging are inverse problems where material parameters and configurations have to be 
determined from measurements in conjunction with the forward problem. This book contains review 
articles covering several state-of-the-art numerical methods for both forward and inverse problems. This 
collection of survey articles focusses on the efficient computation of wave propagation and scattering 
is a core problem in numerical mathematics, which is currently of great research interest and is 
central to many applications in energy and the environment. Two generic applications which resonate 
strongly with the central aims of the Radon Special Semester 2011 are forward wave propagation 
in heterogeneous media and seismic inversion for subsurface imaging. As an example of the first 
application, modelling of absorption and scattering of radiation by clouds, aerosol and precipitation is 
used as a tool for interpretation of (e.g.) solar, infrared and radar measurements, and as a component 
in larger weather/climate prediction models in numerical weather forecasting. As an example of the 
second application, inverse problems in wave propagation in heterogeneous media arise in the problem 
of imaging the subsurface below land or marine deposits. The book records the achievements of 
Workshop 3 "Wave Propagation and Scattering, Inverse Problems and Applications in Energy and 
the Environment". It brings together key numerical mathematicians whose interest is in the analysis 



and computation of wave propagation and scattering problems, and in inverse problems, together with 
practitioners from engineering and industry whose interest is in the applications of these core problems.

Direct and Inverse Problems in Wave Propagation and Applications

Inverse Problems is a monograph which contains a self-contained presentation of the theory of several 
major inverse problems and the closely related results from the theory of ill-posed problems. The book is 
aimed at a large audience which include graduate students and researchers in mathematical, physical, 
and engineering sciences and in the area of numerical analysis.

Inverse Problems

This monograph by two Soviet experts in mathematical physics was a major contribution to inverse 
scattering theory. The two-part treatment examines the boundary-value problem with and without 
singularities. 1963 edition.

Inverse Problems of Mathematical Physics

Lists citations with abstracts for aerospace related reports obtained from world wide sources and an-
nounces documents that have recently been entered into the NASA Scientific and Technical Information 
Database.

The Inverse Problem of Scattering Theory

Physical formulations leading to ill-posed problems Basic concepts of the theory of ill-posed problems 
Analytic continuation Boundary value problems for differential equations Volterra equations Integral 
geometry Multidimensional inverse problems for linear differential equations

Scientific and Technical Aerospace Reports

The interest in inverse problems of spectral analysis has increased considerably in recent years due 
to the applications to important non-linear equations in mathematical physics. This monograph is 
devoted to the detailed theory of inverse problems and methods of their solution for the Sturm-Liouville 
case. Chapters 1--6 contain proofs which are, in many cases, very different from those known earlier. 
Chapters 4--6 are devoted to inverse problems of quantum scattering theory with attention being 
focused on physical applications. Chapters 7--11 are based on the author's recent research on the 
theory of finite- and infinite-zone potentials. A chapter discussing the applications to the Korteweg--de 
Vries problem is also included. This monograph is important reading for all researchers in the field of 
mathematics and physics.

American Book Publishing Record

A study, by two of the major contributors to the theory, of the inverse scattering transform and its 
application to problems of nonlinear dispersive waves that arise in fluid dynamics, plasma physics, 
nonlinear optics, particle physics, crystal lattice theory, nonlinear circuit theory and other areas. A 
soliton is a localised pulse-like nonlinear wave that possesses remarkable stability properties. Typically, 
problems that admit soliton solutions are in the form of evolution equations that describe how some 
variable or set of variables evolve in time from a given state. The equations may take a variety of forms, 
for example, PDEs, differential difference equations, partial difference equations, and integrodifferential 
equations, as well as coupled ODEs of finite order. What is surprising is that, although these problems 
are nonlinear, the general solution that evolves from almost arbitrary initial data may be obtained without 
approximation.

Ill-posed Problems of Mathematical Physics and Analysis

Introduction to Singular Perturbations provides an overview of the fundamental techniques for ob-
taining asymptomatic solutions to boundary value problems. This text explores singular perturbation 
techniques, which are among the basic tools of several applied scientists. This book is organized into 
eight chapters, wherein Chapter 1 discusses the method of matched asymptomatic expansions, which 
has been frequently applied to several physical problems involving singular perturbations. Chapter 2 
considers the nonlinear initial value problem to illustrate the regular perturbation method, and Chapter 
3 explains how to construct asymptotic solutions for general linear equations. Chapter 4 discusses 



scalar equations and nonlinear system, whereas Chapters 5 and 6 explain the contrasts for initial value 
problems where the outer expansion cannot be determined without obtaining the initial values of the 
boundary layer correction. Chapters 7 and 8 deal with boundary value problem that arises in the study 
of adiabatic tubular chemical flow reactors with axial diffusion. This monograph is a valuable resource 
for applied mathematicians, engineers, researchers, students, and readers whose interests span a 
variety of fields.

Inverse Sturm-Liouville Problems

This book is a compilation of different methods of formulating and solving inverse problems in 
physics from classical mechanics to the potentials and nucleus-nucleus scattering. Mathematical 
proofs are omitted since excellent monographs already exist dealing with these aspects of the inverse 
problems.The emphasis here is on finding numerical solutions to complicated equations. A detailed 
discussion is presented on the use of continued fractional expansion, its power and its limitation as 
applied to various physical problems. In particular, the inverse problem for discrete form of the wave 
equation is given a detailed exposition and applied to atomic and nuclear scattering, in the latter for 
elastic as well as inelastic collision. This technique is also used for inverse problem of geomagnetic 
induction and one-dimensional electrical conductivity. Among other topics covered are the inverse 
problem of torsional vibration, and also a chapter on the determination of the motion of a body with 
reflecting surface from its reflection coefficient.

Solitons and the Inverse Scattering Transform

Inverse problems of spectral analysis consist in recovering operators from their spectral characteristics. 
Such problems often appear in mathematics, mechanics, physics, electronics, geophysics, meteorol-
ogy and other branches of natural science. This monograph is devoted to inverse problems of spectral 
analysis for ordinary differential equations. Its aim ist to present the main results on inverse spectral 
problems using the so-called method of spectral mappings, which is one of the main tools in inverse 
spectral theory. The book consists of three chapters: In Chapter 1 the method of spectral mappings 
is presented in the simplest version for the Sturm-Liouville operator. In Chapter 2 the inverse problem 
of recovering higher-order differential operators of the form, on the half-line and on a finite interval, is 
considered. In Chapter 3 inverse spectral problems for differential operators with nonlinear dependence 
on the spectral parameter are studied.

Introduction to Singular Perturbations

Inverse problems of spectral analysis consist in recovering operators from their spectral characteristics. 
Such problems often appear in mathematics, mechanics, physics, electronics, geophysics, meteorol-
ogy and other branches of natural science. This monograph is devoted to inverse problems of spectral 
analysis for ordinary differential equations. Its aim ist to present the main results on inverse spectral 
problems using the so-called method of spectral mappings, which is one of the main tools in inverse 
spectral theory. The book consists of three chapters: In Chapter 1 the method of spectral mappings 
is presented in the simplest version for the Sturm-Liouville operator. In Chapter 2 the inverse problem 
of recovering higher-order differential operators of the form, on the half-line and on a finite interval, is 
considered. In Chapter 3 inverse spectral problems for differential operators with nonlinear dependence 
on the spectral parameter are studied.

An Introduction To Inverse Problems In Physics

This book is the testimony of a physical scientist whose language is singular perturbation analysis. 
Classical mathematical notions, such as matched asymptotic expansions, projections of large dy-
namical systems onto small center manifolds, and modulation theory of oscillations based either on 
multiple scales or on averaging/transformation theory, are included. The narratives of these topics are 
carried by physical examples: Let's say that the moment when we "see" how a mathematical pattern 
fits a physical problem is like "hitting the ball." Yes, we want to hit the ball. But a powerful stroke 
includes the follow-through. One intention of this book is to discern in the structure and/or solutions 
of the equations their geometric and physical content. Through analysis, we come to sense directly 
the shape and feel of phenomena. The book is structured into a main text of fundamental ideas and a 
subtext of problems with detailed solutions. Roughly speaking, the former is the initial contact between 
mathematics and phenomena, and the latter emphasizes geometric and physical insight. It will be useful 
for mathematicians and physicists learning singular perturbation analysis of ODE and PDE boundary 



value problems as well as the full range of related examples and problems. Prerequisites are basic 
skills in analysis and a good junior/senior level undergraduate course of mathematical physics.

Method of Spectral Mappings in the Inverse Problem Theory

This book brings together many important recent developments in the analysis of singular perturbation 
and hysteresis phenomena in an accessible and reasonably comprehensive fashion. To bridge a 
gap between practitioners of these phenomena, the editors conducted a workshop in April 2002 at 
University College Cork to provide a forum for experts in both fields to share their interests and 
knowledge. For this book, the editors have compiled research from those practitioners in areas 
such as reacting systems, semiconductor lasers, shock phenomena in economic modeling, and fluid 
mechanics, all with an emphasis on hysteresis and singular perturbations.

Books In Print 2004-2005

Recent developments in inverse problems, multi-scale analysis and effective medium theory reveal 
that these fields share several fundamental concepts. This book is the proceedings of the research 
conference, ``Workshop in Seoul: Inverse Problems, Multi-Scale Analysis and Homogenization,'' held 
at Seoul National University, June 22-24, 2005. It highlights the benefits of sharing ideas among 
these areas, of merging the expertise of scientists working there, and of directing interest towards 
challenging issues such as imaging nanoscience and biological imaging. Contributions are written 
by prominent experts and are of interest to researchers and graduate students interested in partial 
differential equations and applications.

Method of Spectral Mappings in the Inverse Problem Theory

The main classes of inverse problems for equations of mathematical physics and their numerical 
solution methods are considered in this book which is intended for graduate students and experts in 
applied mathematics, computational mathematics, and mathematical modelling.

Singular Perturbation in the Physical Sciences

Singular perturbations and time-scale techniques were introduced to control engineering in the late 
1960s and have since become common tools for the modeling, analysis, and design of control systems. 
In this SIAM Classics edition of the 1986 book, the original text is reprinted in its entirety (along with 
a new preface), providing once again the theoretical foundation for representative control applications. 
This book continues to be essential in many ways. It lays down the foundation of singular perturbation 
theory for linear and nonlinear systems, it presents the methodology in a pedagogical way that is not 
available anywhere else, and it illustrates the theory with many solved examples, including various 
physical examples and applications. So while new developments may go beyond the topics covered in 
this book, they are still based on the methodology described here, which continues to be their common 
starting point.

Singular Perturbations and Hysteresis

Unlike direct problems related to the solution of differential equations, inverse problems are typically 
expressed by integral equations. These equations relate media parameters to parameters of a mea-
sured signal, or input parameters to output ones in various measurement systems. The solution of 
integral equations is, with few exceptions, an ill-posed problem, and additional a priori information 
about the exact solution should be used to solve such problems. The specific character of the a priori 
information determines various regularisation methods that are in use here to obtain an approximate 
solution: Tikhonov's method, statistical regularisation method, methods based on the use of additional 
equations or restrictions or of models with limited number of unknown parameters. The main point of 
this book is the study of convergence properties of each method and the wide application of numerical 
modelling that gives the accuracy of the solution in a chosen metric. It is an unaccustomed procedure 
for physicists, but, because there is no proportionality between data and solution errors in ill-posed 
problems, such approach is inevitable.

Ill-posed Problems of Mathematical Physics and Analysis

This concise volume presents an overview of equations of mathematical physics and generalized 
functions. While intended for advanced readers, the accessible introduction and text structure allows 



beginners to study at their own pace as the material gradually increases in difficulty. The text introduces 
the concept of generalized Sobolev functions and L. Schwartz distributions briefly in the opening 
section, gradually approaching a more in-depth study of the “generalized” differential equation (also 
known as integral equality). In contrast to the traditional presentation of generalized Sobolev functions 
and L. Schwartz distributions, this volume derives the topology from two natural requirements (which 
are equivalent to it). The text applies the same approach to the theory of the canonical Maslov 
operator. It also features illustrative drawings and helpful supplementary reading in the footnotes 
concerning historical and bibliographic information related to the subject of the book. Additionally, 
the book devotes a special chapter to the application of the theory of pseudodifferential operators 
and Sobolev spaces to the inverse magneto/electroencephalography problem. Explicit numerically 
realizable formulas related to the Cauchy problem for elliptic equations (including quasilinear ones) 
and also to the Poincaré--Steklov operators are presented. The book is completed by three additions, 
which were written by famous mathematicians Yu. V. Egorov, A. B. Antonevich, and S. N. Samborski.

Inverse Problems, Multi-Scale Analysis, and Effective Medium Theory

The Inverse and Ill-Posed Problems Series is a series of monographs publishing postgraduate level 
information on inverse and ill-posed problems for an international readership of professional scientists 
and researchers. The series aims to publish works which involve both theory and applications in, e.g., 
physics, medicine, geophysics, acoustics, electrodynamics, tomography, and ecology.

Numerical Methods for Solving Inverse Problems of Mathematical Physics

Since the first edition of this book, the literature on fitted mesh methods for singularly perturbed 
problems has expanded significantly. Over the intervening years, fitted meshes have been shown to be 
effective for an extensive set of singularly perturbed partial differential equations. In the revised version 
of this book, the reader will find an introduction to the basic theory associated with fitted numerical 
methods for singularly perturbed differential equations. Fitted mesh methods focus on the appropriate 
distribution of the mesh points for singularly perturbed problems. The global errors in the numerical 
approximations are measured in the pointwise maximum norm. The fitted mesh algorithm is particularly 
simple to implement in practice, but the theory of why these numerical methods work is far from simple. 
This book can be used as an introductory text to the theory underpinning fitted mesh methods.

Singular Perturbation Methods in Control

The Inverse and Ill-Posed Problems Series is a series of monographs publishing postgraduate level 
information on inverse and ill-posed problems for an international readership of professional scientists 
and researchers. The series aims to publish works which involve both theory and applications in, e.g., 
physics, medicine, geophysics, acoustics, electrodynamics, tomography, and ecology.

Inverse Problems in Physical Diagnostics

The main result of this book is a proof of the contradictory nature of the Navier�Stokes problem (NSP). It 
is proved that the NSP is physically wrong, and the solution to the NSP does not exist on �+ (except for 
the case when the initial velocity and the exterior force are both equal to zero; in this case, the solution 
5c(5e, 5a) to the NSP exists for all 5a e 0 and 5c(5e, 5a) = 0). It is shown that if the initial data 5c0(5e) b 0, 5S(5e,5a) = 0 and the solution 
to the NSP exists for all 5a õ �+, then 5c0(5e) := 5c(5e, 0) = 0. This Paradox proves that the NSP is physically incorrect 
and mathematically unsolvable, in general. Uniqueness of the solution to the NSP in the space 5J21(�3) × 
C(�+) is proved, 5J21(�3) is the Sobolev space, �+ = [0, �). Theory of integral equations and inequalities with 
hyper-singular kernels is developed. The NSP is reduced to an integral inequality with a hyper-singular 
kernel.

Equations of Mathematical Physics

The normal business of physicists may be schematically thought of as predic ting the motions of 
particles on the basis of known forces, or the propagation of radiation on the basis of a known 
constitution of matter. The inverse problem is to conclude what the forces or constitutions are on the 
basis of the observed motion. A large part of our sensory contact with the world around us depends on 
an intuitive solution of such an inverse problem: We infer the shape, size, and surface texture of external 
objects from their scattering and absorption of light as detected by our eyes. When we use scattering 
experiments to learn the size or shape of particles, or the forces they exert upon each other, the nature 



of the problem is similar, if more refined. The kinematics, the equations of motion, are usually assumed 
to be known. It is the forces that are sought, and how they vary from point to point. As with so many other 
physical ideas, the first one we know of to have touched upon the kind of inverse problem discussed 
in this book was Lord Rayleigh (1877). In the course of describing the vibrations of strings of variable 
density he briefly discusses the possibility of inferring the density distribution from the frequencies 
of vibration. This passage may be regarded as a precursor of the mathematical study of the inverse 
spectral problem some seventy years later.

Inverse Problems in Partial Differential Equations

Content and Aims of this Book Earlier drafts of the manuscript of this book (James A. Boa was then coau 
thor) contained discussions of many methods and examples of singular perturba tion problems. The 
ambitious plans of covering a large number of topics were later abandoned in favor of the present goal: 
a thorough discussion of selected ideas and techniques used in the method of matched asymptotic 
expansions. Thus many problems and methods are not covered here: the method of av eraging and 
the related method of multiple scales are mentioned mainly to give reasons why they are not discussed 
further. Examples which required too sophis ticated and involved calculations, or advanced knowledge 
of a special field, are not treated; for instance, to the author's regret some very interesting applications to 
fluid mechanics had to be omitted for this reason. Artificial mathematical examples introduced to show 
some exotic or unexpected behavior are omitted, except when they are analytically simple and are 
needed to illustrate mathematical phenomena important for realistic problems. Problems of numerical 
analysis are not discussed.

Elements of the Theory of Inverse Problems

Fitted Numerical Methods for Singular Perturbation Problems
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